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Dqqlfn Oduxhooh--
ZS0DG <<043
Fruuhvsrqghqfh= Xqlyhuvlw| ri Dolfdqwh1 Idfxowdg gh Flhqfldv Hfrq￿ rplfdv1
Ghswr1 gh Ixqg1 gho Dq￿ dolvlv Hfrq￿ rplfr1 Fwud1 Vdq Ylfhqwh gho Udvshlj/ v2q1
363:4 DOLFDQWH
Hglwru= Lqvwlwxwr Ydohqfldqr gh Lqyhvwljdflrqhv Hfrq￿ rplfdv/ v1d1
Iluvw Hglwlrq Pd| 4<<<
LVEQ= ;707;5054490;
Ghs￿ rvlwr Ohjdo= Y0543604<<<
LYLH zrunlqj0sdshuv r￿hu lq dgydqfh wkh uhvxowv ri hfrqrplf uhvhdufk xqghu zd| lq rughu wr
hqfrxudjh d glvfxvvlrq surfhvv ehiruh vhqglqj wkhp wr vflhqwl￿f mrxuqdov iru wkhlu ￿qdo sxeolfdwlrq1
- Wklv sdshu zdv sduwo| zulwwhq zkloh L zdv ylvlwlqj wkh Xqlyhuvlw| ri wkh Edvtxh
Frxqwu|/ Vxpphu <;1 L wkdqn Ihghulfr Ydohqfldqr iru lqvljkwixo glvfxvvlrqv dqg khosixo
vxjjhvwlrqv1 Wkdqnv duh dovr gxh wr Vwhyhq Eudpv dqg Slhuuh Ghkh} iru wkhlu xvhixo
frpphqwv1 Wklv uhvhdufk kdv ehhq vxssruwhg e| wkh Ehojldq surjudpph rq Lqwhuxqlyhuvlw|
Srohv ri Dwwudfwlrq lqlwldwhg e| wkh Ehojldq Vwdwh/ Sulph Plqlvwhu*v r￿fh/ Vflhqfh Srolf|
Surjudpplqj dqg e| wkh Wudlqlqj dqg Prelolw| ri Uhvhdfkhuv surjudpph lqlwldwhg e| wkh
Hxurshdq Frpplvvlrq1 Ilqdqfldo vxssruw iurp wkh GJHV ri wkh Vsdqlvk Plqlvwhulr gh
Hgxfdfl￿ rq | Fxowxud/ xqghu surmhfw SE<90357: lv dovr judwhixoo| dfnqrzohgjhg1
-- Xqlyhuvlw| ri Dolfdqwh dqg Xqlyhuvlw￿ h Fdwkroltxh gh Orxydlq1
4￿￿ AO, ￿O￿W￿, ￿6 ￿ ￿￿‘,+ W￿#,j
Dqqlfn Oduxhooh
DEVWUDFW
Lq wklv sdshu/ zh uhylhz dqg frpsduh wkh pdlq srzhu lqglfhv wr eh irxqg lq wkh
olwhudwxuh/ wkdw lv wr vd|/ wkh Vkdsoh|0Vkxeln lqgh{/ wkh Edq}kdi lqgh{/ wkh Mrkqvwrq lq0
gh{/ wkh Ghhjdq0 Sdfnho lqgh{/ dqg wkh Kroohu0Sdfnho lqgh{1 Wkuhh gl￿huhqw dssurdfkhv
duh xvhg1 Iluvw/ wkh srzhu lqglfhv duh frpsduhg rq wkh edvlv ri d sulrul surshuwlhv wkdw
wkh| vkrxog vdwlvi|1 Vhfrqg/ d sod|hu*v srzhu lv lqwhusuhwhg dv wkh suredelolw| ri khu ru
klv yrwh ehlqj qhfhvvdu| wr sdvv d sursrvdo1 Zh suhvhqw wzr prghov frqvlvwhqw zlwk wklv
dssurdfk= d prgho lq zklfk wklv suredelolw| dulvhv iurp wkh dvvxpswlrqv pdgh rq wkh
frdolwlrq irupdwlrq dqg Vwud￿q*v prgho/ lq zklfk lw dulvhv iurp wkh dvvxpswlrqv pdgh rq
wkh sod|huv* yrwlqj ehkdylru1 Wklug/ d sod|hu*v srzhu lv gh￿qhg dv khu ru klv suredelolw|
ri sod|lqj d fuxfldo uroh1 Vrph srzhu lqglfhv duh ghulyhg iurp gl￿huhqw dvvhvvphqwv frq0
fhuqlqj wkh suredelolw| ri sod|lqj vxfk d uroh1 Looxvwudwlrqv ri wkh fkrlfh ri dq lqgh{ duh
jlyhq iru dfwxdo ghflvlrq0pdnlqj surfhvvhv1
Nh|zrugv= Froohfwlyh Ghflvlrq0Pdnlqj> Srzhu Lqglfhv1
5￿ W￿A+￿#N￿AW￿￿
Vlpsoh vxshudgglwlyh jdphv duh riwhq xvhg wr prgho ghflvlrq0pdnlqj surfhvvhv1 Lq vxfk
prghov/ lw lv dvvxphg wkdw wkh surfhgxuh wr pdnh d ghflvlrq lv edvlfdoo| wkh iroorzlqj1 D
sursrvdo lv pdgh wr wkh yrwlqj erg|1 Hdfk yrwhu vd|v hlwkhu %|hv%/ ru %qr%/ exw qhyhu
devwdlqv￿1 Dffruglqj wr wkh vhw ri uxohv wkdw suhydlov lq wkh yrwlqj erg|/ wkh sursrvdo lv
dffhswhg ru uhmhfwhg1 Wkhuhiruh d ghflvlrq0pdnlqj surfhvv lv ixoo| vshfl￿hg rqfh wkh yrwhuv
dqg wkh ghflvlrq0pdnlqj uxohv duh jlyhq1 Wkxv/ lq zkdw iroorzv/ e| d %ghflvlrq0pdnlqj
surfhvv%/ zh phdq d vhw ri uxohv wkdw vshfl￿hv wkh zd| lq zklfk d jlyhq yrwlqj erg| pxvw
surfhhg wr pdnh ghflvlrqv/ vwdwlqj lq sduwlfxodu zklfk jurxsv ri yrwhuv fdq pdnh d ghflvlrq
li wkh| djuhh/ zkdwhyhu wkh rwkhuv gr1 Vr/ zh qhyhu frqvlghu dq| sduwlfxodu dssolfdwlrq ri
wkh ghflvlrq0pdnlqj uxohv wr dq| sursrvdo dw vwdnh1
Lqwklv frqwh{w/ phdvxuhv kdyh ehhqghyhorshglqrughu wr dvvhvv wkh d sulrul glvwulexwlrq
ri srzhu lq wkh yrwlqj erg|1 Wkdw lv/ wkh glvwulexwlrq ri srzhu dprqj wkh yrwhuv iru d jlyhq
vhw ri ghflvlrq uxohv1 Wkhvh phdvxuhv rqo| wdnh lqwr dffrxqw wkh lqirupdwlrq hperglhg
lq wkh ghflvlrq0pdnlqj surfhvv prghoohg dv d vlpsoh vxshudgglwlyh jdph1 Ri frxuvh/ wkh
yrwhuv* shuvrqdo fkdudfwhulvwlfv dqg suhihuhqfhv/ ru wkhlu lqwhushuvrqdo uhodwlrqv lq￿xhqfh
wkh sduwlfxodu rxwfrph ri dq| sduwlfxodu lvvxh zklfk lv yrwhg xsrq1 Exw vxfk lqirupdwlrq lv
gholehudwho| ohiw dvlgh2= srzhu phdvxuhv duh lqwhqghg wr txdqwli| wkh d sulrul lpsolfdwlrqv
ri ghflvlrq0pdnlqj uxohv/ qrw dq| sduwlfxodu dssolfdwlrq ri wkhp1
Wkhvh phdvxuhv duh krzhyhu xvhixo wr kljkoljkw lqkhuhqw fkdudfwhulvwlfv ri ghflvlrq0
pdnlqj surfhvvhv1 Iru lqvwdqfh/ wkh| vkrz wkdw srzhu lv qrw gluhfwo| sursruwlrqdo wr
yrwlqj zhljkwv/ dv wkh lqwxlwlrq zrxog vxjjhvw dw ￿uvw vljkw1 Wklv fdq eh looxvwudwhg lq wkh
iroorzlqj h{dpsoh1 Lq d yrwlqj erg| ri wkuhh yrwhuv kdylqj uhvshfwlyho| 7/ 5 dqg 4 yrwhv/
lw lv hdv| wr vhh wkdw wkh ￿uvw yrwhu fdq dfw dv d glfwdwru li kdoi ri wkh yrwhv duh uhtxluhg
wr pdnh d sursrvdo sdvv/ lq wkh vhqvh wkdw khu ru klv vxssruw lv qhfhvvdu| dqg vx￿flhqw wr
pdnh dq| sursrvdo sdvv1 Wkh udwlr ri yrwlqj srzhu lv wkhq 4=3=3/ zkloh wkh udwlr ri yrwlqj
zhljkw lv 7=5=41 Lq wkh vdph yrwlqj erg|/ zlwk wkh vdph glvwulexwlrq ri yrwhv/ wkh d sulrul
glvwulexwlrq ri srzhu zloo eh gl￿huhqw li : yrwhv duh uhtxluhg wr pdnh d sursrvdo sdvv1 Lq
vxfk d fdvh/ doo yrwhuv* vxssruw lv qhfhvvdu| wr pdnh d sursrvdo sdvv dqg wkhq wkh udwlr ri
yrwlqj srzhu lv 4=4=41 Wklv vlpsoh h{dpsoh dovr vkrzv wkdw wkh qxpehu ri yrwhv uhtxluhg
wr pdnh d sursrvdo sdvv kdv wr eh wdnhq lqwr dffrxqw wr dvvhvv wkh glvwulexwlrq ri srzhu1
Wkh pdlq srzhu lqglfhv wr eh irxqg lq wkh olwhudwxuh duh wkh Vkdsoh|0Vkxeln lqgh{/ wkh
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6Edq}kdi lqgh{/ wkh Mrkqvwrq lqgh{/ wkh Ghhjdq0Sdfnho lqgh{/ dqg wkh Kroohu0Sdfnho lqgh{1
Dowkrxjk doo wkhvh phdvxuhv kdyh ehhq gh￿qhg lq wkh iudphzrun ri vlpsoh vxshudgglwlyh
jdphv/ wkh uhvxowv wkh| jlyh pd| gl￿hu txlwh zlgho|1 Vr idu/ qr djuhhphqw kdv ehhq
uhdfkhg dprqj wkh vfkroduv frqfhuqlqj wkh fkrlfh ri wkh prvw vxlwdeoh srzhu lqgh{/ dqg wkh
slfwxuh jlyhq e| wkh olwhudwxuh pd| eh frqixvlqj1 Iru lqvwdqfh/ lq prvw sdshuv frqfhuqlqj
wkh Hxurshdq Xqlrq ghflvlrq0pdnlqj surfhvv/ wkh fkrlfh ri wkh srzhu lqgh{ xvhg lv qrw
wkhruhwlfdoo| mxvwl￿hg1 Lq rwkhu sdshuv/ wkh fkrlfh ri wkh srzhu lqgh{ lv qrw hyhq pdgh=
uhvxowv duh jlyhq iru gl￿huhqw srzhu lqglfhv1 Vrph dujxphqwv lq idyru ri wkh Edq}kdi
lqgh{ fdq krzhyhu eh irxqg lq wkh olwhudwxuh1 Iru lqvwdqfh/ Ihovhqwkdo dqg Pdfkryhu
+4<<:, fodlp wkdw wkh Edq}kdi lqgh{ lv wkh prvw dssursuldwh srzhu lqgh{ lq wkh Hxurshdq
frqwh{w1 Wkhlu dujxphqwdwlrq lv edvhg rq wzr gl￿huhqw gh￿qlwlrqv ri srzhu/ qdpho|/ wkh
srzhu wr lq￿xhqfh wkh rxwfrph dqg wkh srzhu wr vkduh d sxuvh1 Oduxhooh dqg Zlgju￿ hq
+4<<;, xvh Vwud￿q*v suredelolvwlf prgho +4<::, wr mxvwli| wkh fkrlfh ri wkh Edq}kdi lqgh{
iru d qrupdwlyh dqdo|vlv ri wkh yrwh glvwulexwlrq lq wkh Hxurshdq Frxqflo ri Plqlvwhuv1
Wkhvh wzr sdshuv dovr looxvwudwh wkh idfw wkdw srzhu lqglfhv fdq eh lqwhusuhwhg lq pruh
wkdq rqh zd|1
Wkh dlp ri wklv sdshu lv wr surylgh vrph jurxqg rq zklfk wr irxqg wkh fkrlfh ri d srzhu
lqgh{1 Wr dfklhyh wklv dlp/ wkuhh gl￿huhqw dssurdfkhv duh xvhg wr frpsduh wkh deryh0
phqwlrqhg lqglfhv1 Iluvw/ wkh lqglfhv duh frpsduhg rq wkh edvlv ri d sulrul surshuwlhv1 Wkh
d{lrpv fkdudfwhul}lqj wkh srzhu lqglfhv duh uhylhzhg/ dqg wkhlu lqwhusuhwdwlrq lv jlyhq dqg
glvfxvvhg lq wkh frqwh{w ri ghflvlrq0pdnlqj surfhvvhv1 Rwkhu d sulrul ghvludeoh surshuwlhv
duh dovr frqvlghuhg= lq vxfk d fdvh/ zh fkhfn zkhwkhu wkh deryh phqwlrqhg lqglfhv vdwlvi|
wkhp ru qrw1 Vhfrqg/ d sod|hu*v srzhu lv lqwhusuhwhg dv khu ru klv suredelolw| ri ehlqj d
vzlqjhu lq wkh frdolwlrq wkdw sdvvhv d ghflvlrq1 Wkh srzhu lqglfhv fdq wkhq dulvh hlwkhu iurp
gl￿huhqw dvvxpswlrqv pdgh rq wkh sod|huv* yrwlqj ehkdylru/ ru iurp gl￿huhqw dvvxpswlrqv
rq wkh frdolwlrq irupdwlrq1 Wklug/ d sod|hu*v srzhu lv gh￿qhg dv khu ru klv suredelolw| ri
sod|lqj d fuxfldo uroh lq wkh ghflvlrq0pdnlqj surfhvv1
Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh surylgh wkh frrshudwlyh
jdph wkhruhwlfdo edfnjurxqg1 Lq Vhfwlrq 6/ zh suhvhqw wkh gl￿huhqw srzhu lqglfhv dqg
wkhlu ruljlqdo prwlydwlrq1 Lq Vhfwlrq 7/ wkh srzhu lqglfhv duh frpsduhg rq wkh edvlv ri
d sulrul surshuwlhv wkdw wkh| vkrxog vdwlvi|1 Lq Vhfwlrq 8/ d sod|hu*v srzhu lv lqwhusuhwhg
dv khu ru klv suredelolw| ri ehlqj d vzlqjhu1 Lq Vhfwlrq 9/ d sod|hu*v srzhu lv lqwhusuhwhg
dv khu ru klv suredelolw| ri sod|lqj d fuxfldo uroh1 Vhfwlrq : frqfoxghv zlwk vrph uhpdunv
dqg vrph olqhv iru ixuwkhu uhvhdufk1
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D frrshudwlyh wudqvihudeoh xwlolw| +WX, jdph lv d sdlu +Q>y,/ zkhuh Q @ i4>===>qj ghqrwhv
wkh vhw ri sod|huv dqg y d uhdo0ydoxhg ixqfwlrq gh￿qhg rq wkh vxevhwv ri Q wr U/ dvvljqlqj
wkh ydoxh 3 wr wkh hpsw| vhw1 Dq| qrq hpsw| vxevhw ri Q lv fdoohg d frdolwlrq1 Dq duelwudu|
frdolwlrq lv ghqrwhg e| V/ v uhsuhvhqwlqj lwv qxpehu ri sod|huv1 D jdph lv v|pphwulf li
wkh ydoxh ri d frdolwlrq rqo| ghshqgv rq lwv vl}h1 Wkh prqrwrqlflw| frqglwlrq uhtxluhv wkdw
y+V, ￿ y+W, zkhqhyhu V ￿ W1 D jdph lv vxshudgglwlyh li y+V,.y+W, ￿ y+V ^ W, iru doo
frdolwlrqv V dqg W vxfk wkdw V _W @ >1
Lq +3>4,0jdphv/ wkh ixqfwlrq y rqo| dvvljqv wkh ydoxhv 3 dqg 41 Lq vxfk jdphv/ zh
uhihu wr frdolwlrqv zlwk wkh surshuw| y+V, @ 4 dv zlqqlqj/ zkloh wr wkrvh zlwk y+V,@3
dv orvlqj1 Ohw Z+y, ghqrwh wkh vhw ri doo zlqqlqj frdolwlrqv1 D sod|hu l lv d vzlqjhu lq d
zlqqlqj frdolwlrq V li klv ru khu uhprydo iurp wkh frdolwlrq pdnhv lw orvlqj/ wkdw lv wr vd|/
li y+V,@4d q gy+V qi lj,@3 = D vzlqj lv d sdlu +l>V, vxfk wkdw sod|hu l lv d vzlqjhu lq
frdolwlrq V1 D plqlpdo zlqqlqj frdolwlrq lv d zlqqlqj frdolwlrq lq zklfk doo sod|huv duh
vzlqjhuv1 Ohw P+y, ghqrwh wkh vhw ri doo plqlpdo zlqqlqj frdolwlrqv1 Lq wkh iroorzlqj/
zh zloo xvh p+y, +uhvs1/ p￿+y,, wr ghqrwh wkh wrwdo qxpehu ri plqlpdo zlqqlqj frdolwlrqv
+uhvs1/ wkh qxpehu ri plqlpdo zlqqlqj frdolwlrqv frqwdlqlqj sod|hu l,1 D vlpsoh jdph lv
d +304,0jdph vxfk wkdw y lv qrw lghqwlfdoo| 3 dqg lv prqrwrqlf1 D vlpsoh jdph lv surshu
li wkh frpsohphqw ri d zlqqlqj frdolwlrq lv dozd|v orvlqj= y+V,.y+Q q V, ￿ 4 iru dq|
V ￿ Q1 Lq wkh frqwh{w ri vlpsoh jdphv/ wklv surshuw| lv htxlydohqw wr wkh vxshudgglwlylw|
surshuw|1 D +304,0jdph lv zhljkwhg li wkhuh h{lvw d txrwd T dqg d zhljkw z￿ A 3 iru hdfk










Qrwh wkdw wr uhsuhvhqw vxfk d jdph/ lw lv vx￿flhqw wr vshfli| wkh txrwd dqg wkh glvwulexwlrq
ri zhljkwv/ wkdw lv/ T dqg +z￿>===>z ?,1 D +304, zhljkwhg jdph lv vxshudgglwlyh li dqg rqo|
li wkh txrwd lv vwulfwo| odujhu wkdq kdoi ri wkh vxp ri doo sod|huv* zhljkwv1
D +304,0jdph fdq prgho d ghflvlrq0pdnlqj surfhvv/ wkdw lv wr vd|/ wkh yrwlqj erg| dqg
wkh ghflvlrq0pdnlqj uxohv1 Wkh vhw ri sod|huv uhsuhvhqwv wkh yrwlqj erg|1 Wkh zlqqlqj
frdolwlrqv duh gh￿qhg dv wkrvh zklfk fdq pdnh d ghflvlrq zlwkrxw wkh yrwh ri wkh uhpdlqlqj
sod|huv1 D ghflvlrq0pdnlqj surfhvv jhqhudoo| glvsod|v wkh iroorzlqj surshuwlhv1 Wkh xqd0
qlplw| ri sod|huv ohdgv wr wkh sdvvdjh ri d sursrvdo/ zklfk lpsolhv wkdw y lv qrw lghqwlfdoo|
31 Dq| vxevhw ri d orvlqj frdolwlrq fdqqrw eh zlqqlqj/ wkdw lv wr vd|/ wkh fruuhvsrqglqj
jdph lv prqrwrqlf1 Wzr qrqlqwhuvhfwlqj frdolwlrqv fdqqrw pdnh rssrvlwh ghflvlrqv dw wkh
vdph wlph= wkh jdph lv wkxv surshu1 Wkh ￿uvw wzr surshuwlhv uhtxluh wkdw wkh jdph lv vlp0
8soh1 Lq wkh frqwh{w ri vlpsoh jdphv/ wkh wklug surshuw| lv htxlydohqw wr wkh vxshudgglwlylw|
frqglwlrq1 D ghflvlrq0pdnlqj surfhvv fdq wkxv eh prghoohg dv d vlpsoh vxshudgglwlyh
jdph1 Pdq| ghflvlrq0pdnlqj surfhvvhv fdq eh uhsuhvhqwhg e| zhljkwhg jdphv￿1
￿ ￿￿W￿ ￿￿‘,+ W￿#W￿,5
Lq d vhplqdo sdshu lq jdph wkhru|/ Vkdsoh| +4<86, d{lrpdwlfdoo| fkdudfwhul}hv wkh survshfw
ri kdylqj wr sod| d WX0jdph/ uhihuuhg wr dv wkh Vkdsoh| ydoxh1 Wkh Vkdsoh|0Vkxeln lqgh{
lv wkh dssolfdwlrq ri wklv ydoxh wr vlpsoh vxshudgglwlyh jdphv1 Vkdsoh| dqg Vkxeln +4<87/
s1 :;;, mxvwli| wkhlu lqgh{ e| jlylqj wkh iroorzlqj lqwhusuhwdwlrq= %Ohw xv frqvlghu wkh
iroorzlqj vfkhph= Wkhuh lv d jurxs ri lqglylgxdov doo zloolqj wr yrwh iru vrph eloo1 Wkh|
yrwh lq rughu1 Dv vrrq dv d pdmrulw| kdv yrwhg iru lw/ lw lv ghfoduhg sdvvhg/ dqg wkh
phpehu zkr yrwhg odvw lv jlyhq fuhglw iru kdylqj sdvvhg lw1 Ohw xv fkrrvh wkh yrwlqj rughu
ri wkh phpehuv udqgrpo|1 Wkhq zh pd| frpsxwh wkh iuhtxhqf| zlwk zklfk dq lqglylgxdo
ehorqjv wr wkh jurxsv zkrvh yrwhv duh xvhg dqg/ ri pruh lpsruwdqfh/ zh pd| frpsxwh
krz riwhq kh lv slyrwdo1% Lq d vlpsoh vxshudgglwlyh jdph +Q>y,/ wkh Vkdsoh|0Vkxeln lqgh{







^y+V, ￿y+V qi lj,‘1 +4,
Edq}kdi +4<98, frqvlghuv wkdw wkh Vkdsoh| dqg Vkxeln*v srzhu phdvxuh pdnhv xvh
ri xquhdvrqdeoh dvvxpswlrqv derxw wkh srolwlfdo surfhvv/ dujxlqj wkdw= %Lw kdv qrw ehhq
vkrzq wkdw wkh rughu lq zklfk yrwhv duh fdvw lv vljql￿fdqw1% Dffruglqj wr klp/ d srzhu
lqgh{ vkrxog ghshqg rq wkh qxpehu ri frpelqdwlrqv/ udwkhu wkdq rq wkh qxpehu ri shu0
pxwdwlrqv ri sod|huv1 Kh sursrvhv wkhq wkh vr0fdoohg qrupdol}hg Edq}kdi lqgh{1 Gxeh|
dqg Vkdsoh| +4<:<, qrwh wkdw wkh qrupdol}dwlrq ri wkh Edq}kdi lqgh{ +vr wkdw wkh sod|huv*
lqglfhv dgg xs wr 4, lv qrw dv lqqrfhqw dv lw pljkw vhhp1 Wkh| suhvhqw wkhq zkdw zh
uhihu wr dv wkh Edq}kdi lqgh{e/ wkdw wkh| frqvlghu lq pdq| uhvshfwv pruh qdwxudo wkdq wkh
qrupdol}hg yhuvlrq1 Lq d vlpsoh vxshudgglwlyh jdph +Q>y,/ wkh Edq}kdi lqgh{ lv jlyhq e|
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jlyhv wkh qrupdol}hg Edq}kdi lqgh{/ wkdw zh ghqrwh ￿ ￿+y,=
Dffruglqj wr Odyhu +4<:;, d phdvxuh ri srzhu vkrxog ghshqg rq wkh qxpehu ri vzlqjhuv
lq wkh frdolwlrq1 Kh dujxhv wkdw= %lw lv fohdu wkdw d sduw|*v srzhu zloo eh juhdwhu li lw lv
wkh rqo| ghvwur|hu ri d sduwlfxodu frdolwlrq wkdq li wkdw krqru lv vkduhg zlwk d qxpehu
ri rwkhuv1% Lq uhvsrqvh wr Odyhu*v dujxphqw/ Mrkqvwrq +4<:;, sursrvhv d prgl￿fdwlrq ri
wkh qrupdol}hg Edq}kdi lqgh{/ zklfk lv uhihuuhg wr dv wkh Mrkqvwrq lqgh{1 Lq d vlpsoh
vxshudgglwlyh jdph +Q>y,/ ohw y+V, ghqrwh wkh qxpehu ri vzlqjhuv lq d zlqqlqj frdolwlrq







^y+V, ￿y+V qi lj,‘= +7,
Qrwh wkdw wkh vxppdwlrq lv rqo| grqh rq wkh frdolwlrqv lq zklfk wkhuh lv dw ohdvw rqh








Lq klv errn derxw frdolwlrq irupdwlrq/ Ulnhu +4<95, dujxhv wkdw= %Lq q0shuvrq/ }hur0
vxp jdphv/ zkhuh vlgh sd|phqwv duh shuplwwhg/ zkhuh sod|huv duh udwlrqdo/ dqg zkhuh
wkh| kdyh shuihfw lqirupdwlrq/ rqo| plqlpdo zlqqlqj frdolwlrqv rffxuD% +Ulnhu +4<95,/
s1 65,1 Ghhjdq dqg Sdfnho +4<:;, sursrvh dq lqgh{ edvhg rq Ulnhu*v dujxphqw1 Wkhlu
lqgh{ fdq eh ghulyhg iurp wkh dvvxpswlrq wkdw doo plqlpdo zlqqlqj frdolwlrqv kdyh wkh
vdph suredelolw| ri iruplqj/ dqg wkh dvvxpswlrq wkdw wkh vzlqjhuv lq d plqlpdo zlqqlqj
frdolwlrq vkduh htxdoo| wkh %vsrlov%1 Qrwh wkdw wklv odvw dvvxpswlrq fdq eh frqvlghuhg
dv dqrwkhu uhvsrqvh wr Odyhu*v dujxphqw1 Lq d vlpsoh vxshudgglwlyh jdph +Q>y,/ wkh









^y+V, ￿ y+V qilj,‘1 +9,
Kroohu dqg Sdfnho +4<;6, dujxh wkdw wkh Vkdsoh|0Vkxeln lqgh{/ wkh Edq}kdi lqgh{
dqg wkh Ghhjdq0Sdfnho lqgh{ %idfh wkh sureohp ri glvwulexwlqj +ru dvvljqlqj, wkh ydoxh
ri d sulrul frdolwlrqv dprqj wkhlu phpehuv1 Wkhuh pljkw eh qr dghtxdwh vroxwlrq wr wklv
sureohp/ iru wkh frdolwlrq ydoxh lv d froohfwlyh jrrg1 Wkh sulydwh jrrg dssurdfk/ dv lpsolhg
D5|h￿U|*) tTi@!￿?}c |￿￿t Th￿?U￿T*i L?*) @TT*￿it uLh t|hL?} }@4itc |￿@| ￿t |L t@)c uLh }@4it t￿U￿ |￿@|
￿E7￿n￿E￿ . 7￿’￿ c ￿￿￿U￿ @hi i^￿￿￿@*i?| |L 3ihL￿t￿4 }@4it￿
:lq wkh glvfxvvhg lqglfhv/ lv khqfh lqdssursuldwh li yrwlqj lv qrw rqo| d pdwwhu ri doorfdwlqj
vsrlov% +Kroohu dqg Sdfnho +4<;6,/ s1 55,1 Wkhuhiruh wkh| sursrvh d voljkw prgl￿fdwlrq
ri wkh Ghhjdq0Sdfnho lqgh{/ zklfk fdq eh ghulyhg iurp wkh dvvxpswlrq wkdw doo plqlpdo
zlqqlqj frdolwlrqv kdyh wkh vdph suredelolw| ri iruplqj/ dqg wkh dvvxpswlrq wkdw doo
vzlqjhuv lq d plqlpdo zlqqlqj frdolwlrq jhw doo %vsrlov%1 Lq d vlpsoh vxshudgglwlyh jdph
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D qdwxudo zd| wr dvvhvv wkh vxlwdelolw| ri dq d{lrpdwl}hg phdvxuh lv wr glvfxvv wkh sodx0
vlelolw| ri wkh d{lrpv1 Lq wkh iroorzlqj/ zh uhylhz wkh xqghuo|lqj d{lrpv ri wkh gl￿huhqw
srzhu lqglfhv dqg glvfxvv wkhlu mxvwl￿fdwlrq ru lqwhusuhwdwlrq1
Wkh Dqrq|plw| d{lrp lv frpprq wr doo srzhu lqglfhv1
Dqrq|plw| d{lrp= D sod|hu*v phdvxuh ri srzhu grhv qrw ghshqg rq khu ru klv qdph1
Iru dq| shupxwdwlrq ￿ ri Q/￿ ZE￿￿+￿y,@￿ ￿+y, zkhuh +￿y,+V,= @y+￿3￿+V,,1
Wkh mxvwl￿fdwlrq ri wklv d{lrp lv wkdw wkh sod|huv* qdphv vkrxog qrw pdwwhu zkhq phd0
vxulqj wkh srzhu/ lq wkh vhqvh wkdw lqwhufkdqjlqj wkh sod|huv* qdphv fdqqrw prgli| wkh
glvwulexwlrq ri srzhu1 Lq sduwlfxodu/ lw lpsolhv wkdw li wzr sod|huv duh vzlqjhuv lq wkh vdph
frdolwlrqv/ wkhlu srzhu lv htxdo1
Wkh Qxoo Sod|hu d{lrp lv dovr frpprq wr doo srzhu lqglfhv1
Qxoo Sod|hu d{lrp= D sod|hu zkr lv qhyhu d vzlqjhu kdv d phdvxuh ri srzhu htxdo wr
}hur1
Li y+V,@y+V qi lj, iru doo V> wkhq ￿￿+y,@3 1
Wkh mxvwl￿fdwlrq ri wklv d{lrp lv wkdw zkdw pdwwhuv lv wkh gl￿huhqfh wkdw sod|huv* yrwhv
pdnh lq frdolwlrqv/ lq wkh vhqvh wkdw rqo| sod|huv zkrvh yrwh pdnhv d gl￿huhqfh lq vrph
frdolwlrq pd| kdyh vrph srvlwlyh srzhu1 Wkhuhiruh d sod|hu*v srzhu lv qxoo xqohvv khu ru
klv yrwh fdq pdnh zlqqlqj dw ohdvw rqh orvlqj frdolwlrq1
Wkh Uhodwlyh Srzhu d{lrp lv frpprq wr doo lqglfhv exw wkh Edq}kdi lqgh{=








wkh fodvv ri WX0jdphv/ zkhuh y+Q, lv qrw frqvwudlqhg wr eh htxdo wr 41 Lq wklv zlghu
fodvv ri jdphv/ wklv frqglwlrq jxdudqwhhv dq h￿flhqw glvwulexwlrq ri y+Q,/ wkh ydoxh ri wkh
jdph/ dprqj wkh sod|huv1 Vxfk d uhtxluhphqw ri h￿flhqf| lv shuihfwo| mxvwl￿hg lq frqwh{wv
zkhuh y+Q, fdq eh lqwhusuhwhg dv d fdnh wr eh vkduhg dprqj wkh sod|huv1 Lq wkh frqwh{w ri
ghflvlrq0pdnlqj surfhvvhv prghoohg dv vlpsoh vxshudgglwlyh jdphv/ wkh idfw wkdw y+Q,@4
rqo| phdqv wkdw Q/ wkh frdolwlrq iruphg e| doo sod|huv/ pdnhv dq| ghflvlrq sdvv/ dv dq|
rwkhu zlqqlqj frdolwlrq grhv1 Wkhuhiruh wkh h￿flhqf| mxvwl￿fdwlrq grhv qrw pdnh vhqvh lq
wklv frqwh{w= wkhuh lv qr fdnh ri vl}h 4 wr vkduh1 Iru wklv uhdvrq/ zh gholehudwho| dyrlg
jlylqj wkh xvxdo ghqrplqdwlrq ri %h￿flhqf|% wr wklv d{lrp1
Wklv d{lrp fdq krzhyhu eh lqwhusuhwhg1 Rqh srvvleoh lqwhusuhwdwlrq frphv iurp wkh
lghd wkdw srzhu phdvxuhv duh suredelolwlhv ri sod|lqj d uhohydqw urohS lq dq| ghflvlrq wkdw
kdv wr eh pdgh1 Wkh d{lrp vwdwhv wkhq wkdw lq dq| ghflvlrq wkdw lv pdgh/ rqh dqg rqo| rqh
sod|hu sod|v vxfk d uroh +rwkhu d{lrpv jxdudqwhhlqj wkdw wkh srzhu phdvxuhv duh srvlwlyh,1
D vhfrqg srvvleoh lqwhusuhwdwlrq ri wklv d{lrp frphv iurp wkh lghd wkdw srzhu phdvxuhv
rqo| pdwwhu lq uhodwlyh whupv= zkdw lv lpsruwdqw lv wkh sod|huv* srvlwlrqv uhodwlyh wr hdfk
rwkhuv1 Wkhuhiruh/ wkh phdvxuhv ri srzhu fdq eh qrupdol}hg lq vxfk d zd| wkdw wkh| dozd|v
dgg xs wr d frqvwdqw/ lq rughu wr pdnh frpsdulvrq ehwzhhq sod|huv hdvlhu1 Wkh d{lrp vhwv
xs wklv frqvwdqw wr eh htxdo wr 4/ zklfk pd| eh frqvlghuhg dv dq dg krf qrupdol}dwlrq.1
Wkh Edq}kdi lqgh{ vdwlv￿hv lqvwhdg wkh iroorzlqj d{lrp=
Devroxwh Srzhu d{lrp= Wkh Sod|huv* phdvxuhv ri srzhu dgg xs wr wkh wrwdo qxpehu











^y+V, ￿ y+V qilj,‘=
Gxeh| dqg Vkdsoh| +4<:<, xvh wklv d{lrp wr jlyh d fkdudfwhul}dwlrq ri wkh Edq}kdi lq0
gh{ vlplodu wr wkh Vkdsoh|0Vkxeln lqgh{ +vxevwlwxwlqj wkh Devroxwh Srzhu d{lrp wr wkh
Uhodwlyh Srzhu d{lrp,1 Wklv lv krzhyhu qrw vx￿flhqw wr jlyh dq| fuhglw wr wkh d{lrp1
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<Rqh lqwhusuhwdwlrq ri wklv d{lrp frphv iurp wkh lghd wkdw lq rughu wr frpsduh d
sod|hu*v srzhu wkurxjk gl￿huhqw ghflvlrq0pdnlqj surfhvvhv/ srzhu kdv wr eh phdvxuhg lq
devroxwh whupv1 Wkdw lv wr vd|/ srzhu phdvxuhv fdqqrw eh qrupdol}hg dq| pruh wr dgg
xs wr d frqvwdqw= wkh vxp pd| ydu| zlwk wkh ghflvlrq0pdnlqj surfhvv1 Wkh d{lrp vwdwhv
wkdw wkh orzhu wkh ulvn ri vwdwxv txr lq d ghflvlrq0pdnlqj surfhvv/ wkh odujhu lv wkh vxp
ri doo sod|huv* phdvxuhv ri srzhu1 Lqghhg wkh wrwdo qxpehu ri vzlqjv uh￿hfwv wkh hdvh
zlwk zklfk d ghflvlrq fdq eh pdgh= wkh odujhu wkh qxpehu ri vzlqjv/ wkh hdvlhu d ghflvlrq
fdq d sulrul eh pdgh/ dqg wkh orzhu wkh ulvn ri vwdwxv txr1 Gxeh| dqg Vkdsoh| +4<:</
s1 439, sursrvh wkh iroorzlqj lqwhusuhwdwlrq ri wkh wrwdo qxpehu ri vzlqjv= %lqwxlwlyho|
vshdnlqj/ ￿ ￿+y, uh￿hfwv wkh yrodwlolw| ru %ghjuhh ri vxvshqvh% lq wkh ghflvlrq uxoh1 Lw jlyhv
dq lqglfdwlrq ri wkh olnholkrrg ri d forvh ghflvlrq/ l1h1/ rqh vr forvh wkdw d vlqjoh yrwhu
frxog wls wkh vfdohv1 Dv glvfxvvhg odwhu/ lw lv dovr d nlqg ri ghprfudwlf sduwlflsdwlrq lqgh{/
phdvxulqj wkh ghflvlrq uxoh*v vhqvlwlylw| wr wkh ghvluhv ri wkh %dyhudjh yrwhu% ru wr wkh
%sxeolf zloo%1% Qrwh wkdw wkh deryh dujxphqw rqo| mxvwl￿hv d srvlwlyh fruuhodwlrq ehwzhhq
wkh wrwdo qxpehu ri vzlqjv dqg wkh wrwdo srzhu wr eh glvwulexwhg dprqj wkh sod|huv exw
qrw wkh sduwlfxodu uhodwlrq wkdw dsshduv lq wkh d{lrp1 Lq wklv uhvshfw/ wkh frh￿flhqw 5?3￿
pd| eh frqvlghuhg dv dq dg krf qrupdol}dwlrq1
D edvlf gl￿huhqfh ehwzhhq wkh Uhodwlyh Srzhu d{lrp dqg wkh Devroxwh Srzhu d{lrp lv
wkh iroorzlqj= lq doo v|pphwulf q0sod|huv jdphv/ dq| lqgh{ vdwlvi|lqj wkh Uhodwlyh Srzhu
dqg wkh Dqrq|plw| d{lrpv +dv wkh Vkdsoh|0Vkxeln/ Mrkqvwrq/ Ghhjdq0Sdfnho dqg Kroohu0
Sdfnho lqglfhv gr, glvwulexwhv htxdoo| d %xqlw ri srzhu%/ zkloh wkh dprxqw 0dovr htxdoo|
glvwulexwhg0 e| dq| lqgh{ vdwlvi|lqj wkh Devroxwh Srzhu dqg Dqrq|plw| d{lrpv +dv wkh
Edq}kdi lqgh{ grhv, ghshqgv rq wkh ghflvlrq uxoh1 Iru lqvwdqfh/ wkh Edq}kdi lqgh{ ri hdfk
sod|hu lv odujhu lq d vlpsoh pdmrulw| uxoh wkdq lq d xqdqlplw| uxoh/ uh￿hfwlqj wkdw lw lv d
sulrul kdughu wr pdnh d ghflvlrq lq d xqdqlplw| uxoh1 Wkh fkrlfh ehwzhhq lqglfhv vdwlvi|lqj
wkh Uhodwlyh Srzhu d{lrp ru wkh Devroxwh Srzhu d{lrp pd| ghshqg rq wkh sxusrvh ri
wkh dqdo|vlv wr eh fduulhg rxw1 Wklv fdq eh looxvwudwhg lq wkh Hxurshdq ghflvlrq0pdnlqj1
Lq wkh Hxurshdq Frxqflo ri Plqlvwhuv/ doo phpehu vwdwhv kdyh/ lq uhodwlyh whupv/ wkh vdph
srzhu xqghu wkh vlpsoh pdmrulw| ri phpehuv uxoh ru xqghu wkh xqdqlplw| uxoh/ zklfk
fdq eh vkrzq zlwk dq| lqgh{ vdwlvi|lqj wkh Dqrq|plw| dqg Uhodwlyh Srzhu d{lrpv1 Wkh
xvh ri wkh Edq}kdi lqgh{ vwuhvvhv wkh vr fodlphg %wrr kljk iuhtxhqf| ru ghdgorfnv% xqghu
wkh xqdqlplw| uxoh1 Iru lqvwdqfh/ lq wkh fxuuhqw 480Phpehuv vwdwhv Frxqflo ri Plqlvwhuv/
hdfk phpehu vwdwh*v Edq}kdi lqgh{ lv htxdo wr 31333394 xqghu wkh xqdqlplw| uxoh/ zkloh
lw lqfuhdvhv wr 3153< xqghu wkh vlpsoh pdmrulw| uxoh1
Wkh Wudqvihu d{lrp lv frpprq wr wkh Vkdsoh|0Vkxeln lqgh{ dqg wkh Edq}kdi lqgh{1
Gxeh| dqg Vkdsoh| +4<:<, vwdwh lw lq whupv ri jdphv +gh￿qlqj wkh jdphv y b z dqg
43y a z,/ phqwlrqlqj wkdw wkh d{lrp fdq eh suhvhqwhg lq d ydulhw| ri pdwkhpdwlfdo jxlvhv1
Dowkrxjk pdwkhpdwlfdoo| hohjdqw/ wkhlu irupxodwlrq lv qrw wudqvsduhqw lq wkh frqwh{w ri
ghflvlrq0pdnlqj surfhvvhv1 Lw lv zk| zh sursrvh khuh dq dowhuqdwlyh irupxodwlrq ri wkh
d{lrp/ zklfk fohduo| vshfl￿hv wkh h￿hfw ri fkdqjlqj wkh vwdwxv ri d frdolwlrq +iurp plqlpdo
zlqqlqj lqwr pd{lpdo orvlqj, rq wkh sod|huv* srzhu1
Wudqvihu d{lrp= Wkh holplqdwlrq ri d plqlpdo frdolwlrq iurp wkh vhw ri zlqqlqj frdol0
wlrqv kdv wkh vdph h￿hfw rq wkh srzhu phdvxuh ri dq| jdph lq zklfk wklv frdolwlrq
kdsshqv wr eh plqlpdo zlqqlqj1 Irupdoo|/ ohw +Q>y,d q g+ Q>z, eh wzr vlpsoh
vxshudgglwlyh jdphv1 Li V 5P +y,_P +z, wkhq
￿+y, ￿ ￿+￿ y7,@￿ + z,￿ ￿+￿ z7,>
zkhuh iru dq| jdph +Q>y,/+ Q>￿ y7, ghqrwhv wkh jdph vxfk wkdw Z+￿ y7,@Z+y,"V=
Wkh GS0Phujhdelolw| lv vdwlv￿hg e| wkh Ghhjdq0Sdfnho lqgh{1 Khuh zh sursrvh dq
dowhuqdwlyh irupxodwlrq ri wkh d{lrp wkdw Ghhjdq dqg Sdfnho +4<:;, vwdwh lq whupv ri
jdphv1 Iluvw zh qhhg wkh iroorzlqj gh￿qlwlrq1 Wzr jdphv +Q>y,d q g+ Q>z, duh phujhdeoh
li qr plqlpdo zlqqlqj frdolwlrq ri jdph +Q>y, lqfoxghv ru lv lqfoxghg lq d plqlpdo frdolwlrq
ri jdph +Q>z,=
GS0Phujhdelolw| d{lrp= Wkh holplqdwlrq ri d plqlpdo frdolwlrq iurp wkh vhw ri plql0
pdo zlqqlqj frdolwlrqv kdv d vlplodu h￿hfw +xs wr vrph zhljkwv, rq wkh srzhu phdvxuh
ri dq| sdlu ri phujhdeoh jdphv lq zklfk wklv frdolwlrq kdsshqv wr eh plqlpdo zlq0
qlqj1 Irupdoo|/ ohw +Q>y,d q g+ Q>z, eh wzr phujhdeoh/ vlpsoh dqg vxshudgglwlyh
jdphv1 Li V 5P +y, _P+z, wkhq
p+y,￿+y, ￿p+a y7,￿+a y7,@p+z,￿+z,￿ p+a z7,￿+a z7,>
zkhuh iru dq| jdph +Q>y,/ +Q>a y7, ghqrwhv wkh jdph vxfk wkdw P+a y7,@P+y,"V=
Wkh KS0Phujhdelolw| d{lrp lv vdwlv￿hg e| wkh Kroohu0Sdfnho lqgh{1 Djdlq/ zh uhiru0
pxodwh khuh wkh d{lrp wkdw Kroohu dqg Sdfnho +4<;6, vwdwh lq whupv ri jdphv1
KS0Phujhdelolw| d{lrp= Wkh holplqdwlrq ri d plqlpdo frdolwlrq iurp wkh vhw ri plql0
pdo zlqqlqj frdolwlrqv kdv d vlplodu h￿hfw +xs wr vrph zhljkwv, rq wkh srzhu phdvxuh
ri dq| sdlu ri jdphv lq zklfk wklv frdolwlrq kdsshqv wr eh plqlpdo zlqqlqj1 Iru0
pdoo|/ ohw +Q>y,d q g+ Q>z, eh wzr phujhdeoh/ vlpsoh dqg vxshudgglwlyh jdphv1 Li













44Iurp d whfkqlfdo srlqw ri ylhz/ wkh uroh ri wkh Wudqvihu +ru dq| ri wkh Phujhdelolw|
d{lrpv, lq wkh d{lrpdwl}dwlrqv ri wkh srzhu lqglfhv lv wkh iroorzlqj1 Wkh Dqrq|plw|/ dqg
wkh Qxoo Sod|hu d{lrpv/ wrjhwkhu zlwk hlwkhu wkh Uhodwlyh ru wkh Devroxwh Srzhu d{lrp/
ghwhuplqh wkh hydoxdwlrq ri wkh glvwulexwlrq ri srzhu lq doo v|pphwulf jdphv +dqg lq wkh
xqdqlplw| jdphv lq sduwlfxodu,1 Wkhq wkh Wudqvihu d{lrp +ru rqh ri wkh Phujhdelolw|
d{lrp, shuplwv wr h{whqg wklv hydoxdwlrq wr doo vlpsoh vxshudgglwlyh jdphv1 Lq idfw/ wkh
Wudqvihu d{lrp sod|v wkh uroh wkdw olqhdulw| sod|v lq wkh d{lrpdwl}dwlrq ri wkh Vkdsoh|
ydoxh1 Oduxhooh dqg Ydohqfldqr +4<<;, h{whqg wkh fodvv ri vlpsoh vxshudgglwlyh jdphv wr
lqfoxgh orwwhulhv rq ghflvlrq0pdnlqj surfhvvhv1 Lq wklv zlghu grpdlq/ wkh| sursrvh dq d{0
lrpdwl}dwlrq ri wkh Vkdsoh|0Vkxeln dqg wkh Edq}kdi lqglfhv xvlqj frqyh{ olqhdulw| +zklfk
grhv qrw pdnh vhqvh iru vlpsoh vxshudgglwlyh jdphv,1 Wkh mxvwl￿fdwlrq ri wkh frqyh{ olq0
hdulw| d{lrp lv wkhq wkdw d sod|hu*v srzhu lq d orwwhu| rq ghflvlrq0pdnlqj surfhvvhv lv wkh
h{shfwhg srzhu lq wkh lqyroyhg ghflvlrq0pdnlqj surfhvvhv1 Lw lv zruwk qrwlqj wkdw lq wklv
zlghu grpdlq/ wkh rwkhu lqglfhv gr qrw vdwlvi| frqyh{ olqhdulw|1
Zlwk uhvshfw wr wkh lqwhusuhwdwlrq lq rxu frqwh{w/ lq hdfk ri wkhvh wkuhh d{lrpv/ d
frqglwlrq lv jlyhq frqfhuqlqj wkh h￿hfw rq wkh lqgh{ ri d fhuwdlq prgl￿fdwlrq ri wkh
vwdwxv ri d plqlpdo zlqqlqj frdolwlrq1 Iurp wkh irupxodwlrq lw lv fohdu wkdw rqo| plqlpdo
frdolwlrqv pdwwhu iru wkh Phujhdelolw| d{lrpv1 Zlwk uhjdugv wr wkh fkrlfh ri dq lqgh{/ wkh
Wudqvihu vhhpv d vlpsohu frqglwlrq li qrw pruh dsshdolqj1 Rq wkh rwkhu kdqg/ lq fhuwdlq
frqwh{wv lw fdq eh uhdvrqdeoh wr sd| dwwhqwlrq rqo| wr plqlpdo zlqqlqj frdolwlrqv1
Wkh d{lrpv wkdw duh vdwlv￿hg e| wkh Vkdsoh|0Vkxeln +*,/ wkh Edq}kdi +￿,/ wkh Mrkqvwrq
+￿ ￿,/ wkh Ghhjdq0Sdfnho +￿,/ dqg wkh Kroohu0Sdfnho +￿ ￿, lqglfhv duh vxppdul}hg lq Wdeoh 41
Qrwh wkdw wkhvh d{lrpv doorz wr xqltxho| fkdudfwhul}h doo lqglfhv exw wkh Mrkqvwrq lqgh{
wkdw kdv qhyhu ehhq d{lrpdwl}hgH1 Iru d surri/ vhh uhvshfwlyho| Gxeh| dqg Vkdsoh| +4<:<,/
Ghhjdq dqg Sdfnho +4<:;,/ dqg Kroohu dqg Sdfnho +4<;6,1
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Dqrq|plw| \hv \hv \hv \hv \hv
Qxoo Sod|hu \hv \hv \hv \hv \hv
Uhodwlyh Srzhu \ h vQ r \ h v\ h v\ h v
Devroxwh Srzhu Q r\ h v Q rQ rQ r
Wudqvihu \hv \hv Qr Qr Qr
GS0Phujhdelolw| Qr Qr Qr \hv Qr
KS0Phujhdelolw| Qr Qr Qr Qr \hv
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Wkh iroorzlqj frpphqwv fdq eh pdgh1 Wkhuh h{lvwv qr d{lrpdwlf fkdudfwhul}dwlrq ri
wkh Mrkqvwrq lqgh{/ zklfk/ lq wklv uhvshfw/ dsshduv wr eh dq dg krf phdvxuh1 Frqfhuqlqj
wkh rwkhuv/ li wkh h{lvwhqfh ri dq d{lrpdwl}dwlrq lv pdwkhpdwlfdoo| frpshoolqj/ doo d{lrpv
+exw wkh Dqrq|plw| dqg wkh Qxoo Sod|hu d{lrpv, duh qrw eh|rqg dq| fulwlflvp lq whupv
ri mxvwl￿fdwlrq1 Lq wkh frqwh{w ri ghflvlrq0pdnlqj surfhvvhv/ wkh Uhodwlyh Srzhu d{lrp
lv qrw pxfk ohvv dujxdeoh wkdq wkh Devroxwh Srzhu d{lrp1 Wkh Wudqvihu d{lrp dqg
wkh Phujhdelolw| d{lrpv duh qrw mxvwl￿hg1 Gxeh| dqg Vkdsoh| +4<:<, phqwlrq wkdw wkh|
gr qrw dwwhpsw dq| khxulvwlf mxvwl￿fdwlrq ri wkh Wudqvihu d{lrp1 Ghhjdq dqg Sdfnho
+4<:;, dgplw wkdw wkh GS0Phujhdelolw| d{lrp kdv qr frpshoolqj xqlyhuvdolw|1 Kroohu dqg
Sdfnho +4<;6, uhfrjql}h wkdw wkhuh lv qr frpshoolqj vwru| iru wkh sodxvlelolw| ri wkh KS0
Phujhdelolw|1 Kroohu dqg Ol qrwh wkdw %xqiruwxqdwho|/ wkh d{lrp ri phujhdelolw| lv qrw yhu|
oxflg% +Kroohu dqg Ol +4<<8,/ s1 58:,1 Ilqdoo|/ Kroohu dgplwv wkdw wkh KS0Phujhdelolw|
%orrnv txlwh frpsoh{ dqg shukdsv gl￿fxow wr mxvwli|% +Kroohu +4<<;,/ s1 4;;,1
Vr/ zh fdq frqfoxgh wkdw wkh d{lrpdwlf dssurdfk rqo| jlyhv vrph edvlf foxhv derxw
wkh gl￿huhqw sklorvrsklhv hperglhg lq wkh gl￿huhqw lqglfhv wkdw pd| khos wr fkrrvh lq
hdfk sduwlfxodu dssolfdwlrq1 D uhodwlyh srzhu lqgh{ vkrxog eh fkrvhq zkhq zkdw pdwwhuv
lv d sod|hu*v srzhu uhodwlyh wr wkh rwkhuv* zkloh dq devroxwh srzhu lqgh{ pd| eh pruh
dssursuldwh wr frpsduh glvwulexwlrqv ri srzhu iru gl￿huhqw ghflvlrq0pdnlqj uxohv1 Vlpl0
oduo|/ ghshqglqj rq wkh lpsruwdqfh jlyhq wr plqlpdo zlqqlqj frdolwlrqv/ wkh fkrlfh pljkw
eh rulhqwhg wrzdugv dq lqgh{ vdwlvi|lqj wkh Wudqvihu d{lrp ru rqh ri wkh Phujhdelolw|
d{lrpv1 Wkh d{lrpdwlf dssurdfk grhv qrw/ krzhyhu/ surylgh d vx￿flhqw edvlv iru d fkrlfh
luuhvshfwlyh ri wkh ghflvlrq0pdnlqj surfhvv xqghu frqvlghudwlrq1
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Ihovhqwkdo dqg Pdfkryhu +4<<8, gr qrw frqvlghu wkh deryh vhw ri d{lrpv dv yhu| frqylqf0
lqj1 Dffruglqj wr wkhp/ wkh Wudqvihu d{lrp pljkw kdyh ehhq lqwurgxfhg rq d srvwhulrul
jurxqgv/ lq rughu wr jxdudqwhh wkh xqltxhqhvv ri wkh uhvxow/ udwkhu wkdq rq jurxqgv ri d
sulrul sodxvlelolw| dqg wkh GS0Phujhdelolw| d{lrp grhv qrw d￿rug dq| lqghshqghqw mxv0
wl￿fdwlrq1 Dv iru wkhp wkh olwhudwxuh grhv qrw frqwdlq dq| fkdudfwhul}dwlrq ri dq lqgh{
ri yrwlqj srzhu e| phdqv ri dq lqwxlwlyho| frpshoolqj vhw ri d{lrpv/ wkh| sursrvh qhz
d sulrul surshuwlhv wkdw dq lqgh{ ri srzhu vkrxog vdwlvi|1 Khuh/ zh uhylhz wkh surshuwlhv
sursrvhg lq Ihovhqwkdo dqg Pdfkryhu +4<<8,/ dqg Ihovhqwkdo hw do1 +4<<;, dqg frpphqw
wkhp1 Zh h{whqg wkhlu dqdo|vlv lq wzr zd|v1 Iluvw/ zh gr qrw uhvwulfw rxuvhoyhv wr uhodwlyh
lqglfhv/ zklfk doorzv xv wr wdnh lqwr dffrxqw wkh Edq}kdi lqgh{/ zkloh wkh| mxvw frqvlghu
lwv qrupdol}hg yhuvlrq1 Vhfrqg/ zh lqfoxgh wkh Kroohu0Sdfnho lqgh{ lq wkh frpsdulvrq1
Qrwh wkdw zh voljkwo| gl￿hu zlwk wkhlu suhvhqwdwlrq e| h{suhvvlqj wkh Prqrwrqlflw| dqg
wkh Grqdwlrq srvwxodwhv lq whupv ri zhljkwhg jdphvb Zh pdnh wklv fkrlfh ehfdxvh zh
frqvlghu wkdw zkdw lv jdlqhg lq jhqhudolw| ru hohjdqfh lv orvw lq wudqvsduhqfh dqg lqwxlwlrq1
Vlploduo|/ zh rqo| frqvlghu wkh Zhdn Elfdphudo Srvwxodwh/ zklfk dsshduv wr xv dv pruh
lqwxlwlyh wkdq wkh Elfdphudo Srvwxodwh1
D sulrul/ d uhdvrqdeoh phdvxuh ri srzhu vkrxog glvsod| wkh iroorzlqj surshuwlhv lq d
ghflvlrq0pdnlqj surfhvv=
Eorf Srvwxodwh= Li wzr yrwhuv dozd|v yrwh wrjhwkhu vr wkdw wkh| hqg xs lq iruplqj d
vlqjoh yrwhu/ wkhq wkh qhz yrwhu kdv pruh srzhu wkdq hdfk ri wkh suhylrxv yrwhuv1
Irupdoo|/ lw phdqv wkdw li sod|hu l dqqh{hv sod|hu m wkhq sod|hu l pxvw jdlq srzhu
xqohvv sod|hu m kdg qr srzhu dw doo1 Jlyhq d vlpsoh vxshudgglwlyh jdph +Q>y,/ ohw
xv frqvlghu wkh jdph +Q qimj>y ￿, vxfk wkdw= y￿+V,@y+V ^imj,l iV frqwdlqv l/d q g
y￿+V,@y+V,r w k huzlvh1 Wkh Eorf srvwxodwhv vwdwhv wkdw=
￿￿+y
￿
, A ￿￿+y,l i￿ ￿+y, A 3= +<,
Prqrwrqlflw| Srvwxodwh= Lq d zhljkwhg yrwlqj erg|/ d yrwhu zlwk d odujhu yrwlqj zhljkw
fdqqrw eh zruvh r￿ wkdqd yrwhu zlwk d vpdoohu yrwlqj zhljkw1 Irupdoo|/ lq d zhljkwhg
jdph +Q>y, zkhuh +z￿>===>z ?, ghqrwhv wkh glvwulexwlrq ri zhljkwv/ wkh Prqrwrqlflw|
Srvwxodwh vwdwhv wkdw=
￿￿+y, ￿ ￿￿+y,l iz￿ Az ￿= +43,
Qrwh wkdw lq qrq zhljkwhg jdphv/ wkh frqfhsw ri grplqdqfh kdv ￿uvw wr eh lqwurgxfhg
lq rughu wr vwdwh wkh srvwxodwh1
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47Grqdwlrq Srvwxodwh= Lq d zhljkwhg yrwlqj erg|/ d yrwhu fdqqrw jdlq srzhu e| glv0
wulexwlqj vrph ri khu ru klv yrwlqj zhljkw wr rwkhu yrwhuv1 Irupdoo|/ ohw +Q>y,e h
d zhljkwhg jdph/ zlwk glvwulexwlrq ri zhljkwv +z￿>===>z?, dqg txrwd T1 Qrz ohw xv













z￿1 Wkh Grqdwlrq Srvwxodwh vwdwhv wkdw=
li z
￿
￿ ￿ z￿ iru dq| m 9@ l dqg z
￿
￿ ?z ￿>wkhq ￿￿+y
￿
, ￿ ￿￿+y,1 +44,
Lq qrq zhljkwhg jdphv/ wkh grqdwlrq srvwxodwh lv vxevwlwxwhg e| wkh wudqvihu srvwx0
odwh1
Zhdn Elfdphudo Srvwxodwh= Ohw xv frqvlghu d elfdphudo ghflvlrq0pdnlqj v|vwhp zkhuh
d eloo pxvw eh dffhswhg lq wzr qrq lqwhuvhfwlqj fkdpehuv wr eh sdvvhg1 Li d ghflvlrq0
pdnlqj surfhvv ehfrphv rqh fkdpehu ri d elfdphudo ghflvlrq0pdnlqj v|vwhp/ wkh
udqnlqj ri srzhu lq wkh lqlwldo ghflvlrq0pdnlqj fdqqrw eh uhyhuvhg lq wkh elfdp0
hudo ghflvlrq0pdnlqj v|vwhp= d yrwhu zkr kdv lqlwldoo| pruh srzhu wkdq dqrwkhu
rqh uhpdlqv pruh srzhuixo lq wkh elfdphudo ghflvlrq0pdnlqj surfhvv1 Irupdoo|/ ohw
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zklfk dsshduv wr xv pruh gl￿fxow wr mxvwli|1
Ihovhqwkdo dqg Pdfkryhu +4<<8, dqg Ihovhqwkdo hw do1 +4<<;, vkrz zklfk surshuwlhv
duh vdwlv￿hg e| wkh Vkdsoh|0Vkxeln lqgh{/ wkh qrupdol}hg Edq}kdi lqgh{/ wkh Mrkqvwrq
lqgh{ dqg wkh Ghhjdq0Sdfnho lqgh{1 Zh frpsohwh wkh dqdo|vlv e| vkrzlqj wkh iroorzlqj=
Sursrvlwlrq 4 Wkh Edq}kdi lqgh{ vdwlv￿hv +4, wkh Eorf srvwxodwh/ +5, wkh Prqrwrqlflw|
srvwxodwh/ +6, wkh Grqdwlrq srvwxodwh dqg +7, wkh Zhdn Elfdphudo srvwxodwh1
Surri= +4, Ohw y>y
￿
>ldqg m eh dv lq wkh Eorf srvwxodwh1 Wkhq/ zh jrw = ￿￿+y
￿
,@￿￿+y,.
￿￿+y,/ dv vkrzq lq Ihovhqwkdo dqg Pdfkryhu +4<<8,1 Wkh Eorf srvwxodwh lv wkxv vdwlv￿hg1
48+5, Lq d zhljkwhg jdph/ li z￿ Az ￿ wkhq sod|hu l lv d vzlqjhu lq dw ohdvw dv pdq| frdolwlrqv
dv sod|hu m1 Wkxv wkh Edq}kdi lqgh{ vdwlv￿hv wkh Prqrwrqlflw| srvwxodwh1 +6, Ohw +Q>y,/
+Q>y
￿
,d q gl eh dv lq wkh grqdwlrq srvwxodwh1 Dq| vzlqj +l>V, ri wkh jdph +Q>y￿, uhpdlqv
d vzlqj lq wkh jdph +Q>y,1 Wkh Grqdwlrq srvwxodwh lv wkxv vdwlv￿hg1 +7, Ihovhqwkdo hw do1
+4<<;, suryh wkdw wkh qrupdol}hg Edq}kdi lqgh{ vdwlv￿hv wkh Elfdphudo srvwxodwh1 Iurp
wkhlu surri/ lw lv hdv| wr vhh wkdw wkh Edq}kdi lqgh{ dovr vdwlv￿hv wkh Elfdphudo srvwxodwh
dqg wkhuhiruh wkh Zhdn Elfdphudo srvwxodwh1
Sursrvlwlrq 5 Wkh Kroohu0Sdfnho lqgh{ ylrodwhv +4, wkh Eorf srvwxodwh/ +5, wkh Prqr0
wrqlflw| srvwxodwh/ dqg +6, wkh Grqdwlrq srvwxodwh1 Krzhyhu/ lw vdwlv￿hv +7, wkh Zhdn
Elfdphudo srvwxodwh1
Surri= +4, Lq wkh zhljkwhg jdph zlwk glvwulexwlrq ri zhljkwv +7>4>4>4>4>4, dqg txrwd
T @ 9/ frqvlghu wkh dqqh{lrq ri sod|hu 6 e| sod|hu 5/ zklfk ohdgv wr wkh glvwulexwlrq ri
zhljkwv +7>5>4>4>4,1 Dffruglqj wr Kroohu0Sdfnho lqgh{/ wkh dqqh{lrq ghfuhdvhv sod|hu 5*v
srzhu/ iurp ￿2 @6 @;+ ￿ ￿2 @9 @84, wr ￿2 @4 @7+ ￿ ￿2 @5 @58,1 Wkh Eorf srvwxodwh lv wkxv
ylrodwhg1 +5, Frqvlghu wkh zhljkwhg jdph zlwk glvwulexwlrq ri zhljkwv +7>5>4>4>4>4, dqg
txrwd T @ 91 Dowkrxjk sod|hu 5*v zhljkw lv odujhu wkdq sod|hu 6*v zhljkw/ Kroohu0Sdfnho
lqgh{ jlyhv d odujhu srzhu wr sod|hu 6 wkdq wr sod|hu 5= ￿2 @4 @7d q g￿￿ @4 @5+ ￿ ￿2 @5 @58
dqg ￿ ￿￿ @7 @58,1 Wkh Prqrwrqlflw| srvwxodwh lv wkxv ylrodwhg1 +6, Lq wkh zhljkwhg jdph
zlwk glvwulexwlrq ri zhljkwv +7>5>4>4>4>4, dqg txrwd T @ 9/ ohw sod|hu 5 jlyhv %4% wr sod|hu
6/ zklfk ohdgv wr wkh glvwulexwlrq ri zhljkwv +7>4>5>4>4>4,1 Dffruglqj wr Kroohu0Sdfnho
lqgh{/ wkh dqqh{lrq lqfuhdvhv sod|hu 5*v srzhu iurp ￿2 @4 @7+ ￿ ￿2 @5 @58, wr ￿2 @4 @5
+￿ ￿2 @7 @58,1 Wkh Grqdwlrq srvwxodwh lv wkxv ylrodwhg1 +7, Ohw +Q>y,/ +Q￿>y ￿,d q g+ Q%>y%,
eh dv lq wkh Zhdn Elfdphudo srvwxodwh1 Qrwh wkdw V 5P +y, li dqg rqo| li V @ V￿ ^ V%
zkhuh V￿ 5P +y￿,d q gV% 5P +y%,= Wkhuhiruh zh kdyh= p+y,@p+y￿,=p+y%,1 Vlploduo|
zh kdyh wkdw p￿+y,@p￿+y￿,=p+y%, iru sod|hu l ehorqjlqj wr Q￿ dqg p￿+y,@p￿+y%,=p+y￿,
iru sod|hu m ehorqjlqj wr Q%1 Wkxv ￿￿+y,@￿￿+y￿, dqg ￿￿+y,@￿￿+y%,= Wkh Zhdn Elfdphudo
srvwxodwh lv wkxv vdwlv￿hg iru wkh qrq qrupdol}hg Kroohu0Sdfnho lqgh{ +dqg iru wkh Kroohu0
Sdfnho lqgh{,1
Wdeoh 5 vxppdul}hv wkh srvwxodwhv wkdw duh vdwlv￿hg e| wkh gl￿huhqw lqglfhv1
*￿ ￿ ￿ ￿ ￿￿ ￿ ￿
Eorf \hv \hv Qr Qr Qr Qr
Prqrwrqlflw| \hv \hv \hv \hv Qr Qr
Grqdwlrq \hv \hv Qr Qr Qr Qr
Zhdn Elfdphudo Qr \hv \hv Qr Qr \hv
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49Qrwh wkdw wkh Vkdsoh|0Vkxeln lqgh{ dqg wkh Mrkqvwrq lqgh{ vdwlvi| wkh Zhdn Elfdphudo
srvwxodwh iru zhljkwhg jdphv/ dqg wkdw wkh Edq}kdi lqgh{/ wkh qrupdol}hg Edq}kdi lqgh{
dqg wkh Kroohu0Sdfnho lqgh{ dovr vdwlvi| wkh Elfdphudo Srvwxodwh1
Dffruglqj wr Ihovhqwkdo dqg Pdfkryhu/ d srzhu lqgh{ wkdw ylrodwhv pruh wkdq rqh
srvwxodwh vkrxog eh glvtxdol￿hg dv d vxlwdeoh phdvxuh ri srzhu= %wkh idfw wkdw d jlyhq
lqgh{ vx￿huv iurp rqh ru pruh ri wkhvh skhqrphqd ^wkdw lv wr vd|/ ylrodwhv dw ohdvw rqh
srvwxodwh‘ frqvwlwxwhv d vwurqj sulpd0idflh dujxphqw iru uhmhfwlqj wkdw lqgh{ dowrjhwkhu%
+Ihovhqwkdo dqg Pdfkryhu +4<<8,/ s1 557,1 Wklv zrxog wkxv vxjjhvw wkdw wkh qrupdol}hg
Edq}kdi lqgh{ +￿ ￿,/ wkh Mrkqvwrq lqgh{ +￿ ￿,/ wkh Ghhjdq0Sdfnho lqgh{ +￿, dqg wkh Kroohu0
Sdfnho lqgh{ +￿ ￿, fdqqrw uhdvrqdeo| phdvxuh srzhu ehfdxvh wkh| ylrodwh pruh wkdq rqh d
sulrul ghvludeoh surshuw|1 Vlploduo|/ wkh Vkdsoh|0Vkxeln +*, lqgh{ fdqqrw eh frqvlghuhg
dv d vxlwdeoh srzhu lqgh{ iru ghflvlrq0pdnlqj surfhvvhv wkdw fdqqrw eh uhsuhvhqwhg dv
zhljkwhg jdphv1 Lq wklv uhvshfw/ wkh Edq}kdi lqgh{ +￿, dsshduv wr eh wkh ehvw srzhu
lqgh{ dv lw grhv qrw ylrodwh dq| srvwxodwh1 Qrwh wkdw wklv dssurdfk rqo| glvtxdol￿hv
srzhu lqglfhv/ dqg grhv qrw vwdwh wkdw wkh lqglfhv wkdw vdwlvi| doo srvwxodwhv duh jhqxlqho|
dssursuldwh phdvxuhv ri srzhu1
D ￿+￿￿￿￿WwWAv ￿6 ￿,W￿B ￿ 5‘W￿B,+
Vr idu zh kdyh ghdow zlwk srzhu lqglfhv orrvho| lqwhusuhwhg dv hydoxdwlrqv ru dvvhvvphqwv
ri wkh d sulrul fdsdflw| ri hdfk sod|hu wr lq￿xhqfh wkh rxwfrph lq d ghflvlrq surfhvv1 Lq
wklv vhfwlrq dqg wkh qh{w rqh zh h{dplqh dq dowhuqdwlyh dqg frpsohphqwdu| dssurdfk wr
jurxqg wkh fkrlfh ri dq lqgh{ wkdw klqjhv xsrq wkh suhflvh lqwhusuhwdwlrq ri hdfk lqgh{ dv
dq h{shfwdwlrq1 Wkh gluhfw lqwxlwlrq surylghg e| wkhlu vshfl￿f lqwhusuhwdwlrq pd| khos wr
pdnh d fkrlfh lq hdfk vshfl￿f frqwh{w1
Lq jhqhudo whupv wkh srzhu ri d sod|hu fdq eh lqwhusuhwhg dv wkh h{shfwdwlrq ri wklv
sod|hu ri sod|lqj d fhuwdlq uhohydqw uroh lq wkh ghflvlrq surfhvv1 Ohw xv vwdwh wklv pruh
suhflvho|1 D vlpsoh jdph lv d vxppdu| prgho ri d vhw ri uxohv wr pdnh ghflvlrqv e|
d jurxs ri djhqwv1 Wklv vdph ghflvlrq surfhgxuh zloo xvxdoo| eh dssolhg uhshdwhgo| wr
ghflgh xsrq gl￿huhqw lvvxhv1 Wkhq wkh srzhu ri d sod|hu fdq eh lqwhusuhwhg dv khu ru klv d
sulrul suredelolw| ri sod|lqj d uhohydqw uroh1 Dv zh zloo vhh lq wklv vhfwlrq dqg lq wkh qh{w
rqh/ doo lqglfhv uhylhzhg lq wklv sdshu ￿w lqwr wklv jhqhudo lqwhusuhwdwlrq1 Iurp wklv srlqw
ri ylhz/ gl￿huhqw lqglfhv dulvh hlwkhu iurp= +l, gl￿huhqw vshfl￿fdwlrqv ri zkdw lv suhflvho|
phdqw e| %sod|lqj d uhohydqw uroh%> dqg2ru +ll, gl￿huhqw dvvxpswlrqv derxw wkh irupdwlrq
ri frdolwlrqv1
Lq wklv vhfwlrq zh glvfxvv zklfk lqglfhv ￿w lqwr wkh iroorzlqj lqwhusuhwdwlrq1 Lq dq|
jlyhq ghflvlrq surfhvv d fhuwdlq vhw ri sod|huv 0ru frdolwlrq0 vkduhv sod|hu l*v ylhz derxw
4:wkh sduwlfxodu lvvxh dw vwdnh1 Lq wklv sduwlfxodu surfhvv sod|hu l lv frqvlghuhg wr h{huw vrph
srzhu li khu ru klv yrwh lv qhfhvvdu| wr sdvv khu ru klv suhihuuhg rxwfrph/ wkdw lv/ li vkh
ru kh lv d vzlqjhu lq wkh frdolwlrq ri sod|huv vkdulqj khu ru klv ylhz1 Wklv fruuhvsrqgv
wr zkdw Ihovhqwkdo hw do1 +4<<;, gh￿qh dv %L0srzhu%/ zklfk lv %sursruwlrqdo wr khu ru klv
delolw| wr lq￿xhqfh wkh rxwfrph ri d yrwh% +Ihovhqwkdo hw do1/ 4<<;/ s1 434,1
Irupdoo|/ li s￿+V, ghqrwhv wkh suredelolw| ri frdolwlrq V ehlqj wkh vhw ri sod|huv vkdulqj




s￿+V,^y+V, ￿y+V qi lj,‘=
Gl￿huhqw srzhu lqglfhv dulvh iurp gl￿huhqw dvvxpswlrqv pdgh rq wkh frdolwlrq irupd0
wlrq/ wkdw lv/ krz d frdolwlrq V/ wr zklfk sod|hu l ehorqjv/ irupv1 Wkh Vkdsoh|0Vkxeln
lqgh{ fruuhvsrqgv wr wkh dvvxpswlrq wkdw dq rughulqj ri sod|huv lv fkrvhq dw udqgrp +doo
rughulqjv ehlqj htxlsuredeoh,1 Wkhq wkh frdolwlrq iruphg lv wkh frdolwlrq frqwdlqlqj sod|hu
l dqg wkh sod|huv zkr suhfhgh khu ru klp lq wkh fkrvhq rughulqj1 Wkhuhiruh wkh suredelolw|





Dqrwkhu dvvxpswlrq rq wkh frdolwlrq irupdwlrq fdq eh jlyhq wr lqwhusuhw wkh Vkdsoh|0
Vkxeln lqgh{1 D qrq }hur vl}h ri frdolwlrq lv fkrvhq dw udqgrp +doo vl}hv ehlqj htxlsured0
eoh,1 Doo frdolwlrqv ri wklv vl}h frqwdlqlqj sod|hu l duh wkhq dvvxphg wr eh htxlsuredeoh/ dqg
rqh ri wkhp lv iruphg dw udqgrp1 Wkhuhiruh wkh suredelolw| ri iruplqj d jlyhq frdolwlrq












Wkh Edq}kdi lqgh{ fruuhvsrqgv wr wkh dvvxpswlrq wkdw doo frdolwlrqv wr zklfk sod|hu l




Wkh qrq qrupdol}hg Kroohu0Sdfnho lqgh{ dvvxphv wkdw rqo| plqlpdo zlqqlqj frdolwlrqv





6E￿￿ li V 5P +y,
3 rwkhuzlvh1
Wkh Ghhjdq0Sdfnho lqgh{/ wkh Kroohu0Sdfnho lqgh{ dqg wkh Mrkqvwrq lqgh{ fdqqrw eh
lqwhusuhwhg lq d vxfk d zd|= wkhuh grhv qrw h{lvw d fohdu suredelolvwlf vwru| wr ghulyh wkh
suredelolw| ri iruplqj d frdolwlrq lq zklfk d jlyhq sod|hu lv d vzlqjhu1
4;Zlwklq wklv iudphzrun/ wkh Edq}kdi lqgh{ wkh Vkdsoh|0Vkxeln lqgh{ dqg wkh qrq qru0
pdol}hg Kroohu0Sdfnho lqgh{ fdq eh xvhg dv phdvxuhv ri srzhu1 Wkh Edq}kdi lqgh{ vhhpv
wr eh wkh prvw qdwxudo lqgh{ lq wkh devhqfh ri dq| d sulrul uhdvrq wr dvvljq gl￿huhqw sure0
delolwlhv wr gl￿huhqw frdolwlrqv +Sulqflsoh ri Lqvx￿flhqw Uhdvrq,1 Wkh rwkhu lqglfhv pd|/
krzhyhu/ eh pruh dssursuldwh lq vrph vlwxdwlrqv1 Iru lqvwdqfh/ li sod|huv yrwh lq wkh rughu
ri wkhlu hdjhuqhvv wr vxssruw wkh ghflvlrq wr eh pdgh/ wkh Vkdsoh|0Vkxeln lqgh{ lv wkhq wkh
prvw qdwxudo lqgh{ +lq wkh devhqfh ri dq| d sulrul uhdvrq wr dvvljq gl￿huhqw suredelolwlhv
wr gl￿huhqw rughuv,1 Wkh qrq qrupdol}hg Kroohu0Sdfnho lqgh{ lv wkh qdwxudo lqgh{ wr xvh
li yrwhuv ghflgh wr irup h{foxvlyho| plqlpdo zlqqlqj frdolwlrqv +lq wkh devhqfh ri dq| d
sulrul uhdvrq wr dvvljq gl￿huhqw suredelolw| wr gl￿huhqw plqlpdo zlqqlqj frdolwlrqv,1
Vwud￿q +4<::/ 4<;;, sursrvhv wkh iroorzlqj suredelolvwlf prgho wkdw shuplwv wr ghulyh
wkh suredelolw| ri frdolwlrq irupdwlrq iurp dowhuqdwlyh dvvxpswlrqv rq wkh suredelolw| ri
wkh sod|huv dffhswlqj d sursrvdo1 Ohw s￿ eh wkh suredelolw| wkdw sod|hu l dffhswv d udqgrp
sursrvdo1 Wkhq e| dvvxplqj wkdw iru d udqgrp frdolwlrq V/ wkh hyhqw D￿ @ il 5 Vj lv
lqghshqghqw ri wkh hyhqw D￿ @ im 5 Vj/ wkh suredelolw| wkdw d udqgrpo| fkrvhq frdolwlrq







Li zh pxowlso| wkhvh suredelolwlhv e| y+V,/ zh jhw wkh suredelolw| wkdw wkh udqgrpo| fkrvhq
frdolwlrq V pdnhv wkh sursrvdo sdvv1 Wkhq/ vxpplqj xs ryhu doo srvvleoh frdolwlrqv/ zh
rewdlq wkh suredelolw| wkdw d vshfl￿f sursrvdo lv dffhswhg1 Zlwk dq duelwudu| fkrvhq
glvwulexwlrq ri suredelolwlhv/ wkh suredelolw| wkdw sod|hu l lv d vzlqjhu/ l1h1/ sod|hu l*v
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Gl￿huhqw srzhu lqglfhv dulvh iurp gl￿huhqw dvvxpswlrqv pdgh rq wkh glvwulexwlrq ri sure0
delolwlhv1 Wkh Vkdsoh|0Vkxeln lqgh{ fruuhvsrqgv wr wkh dvvxpswlrq wkdw wkh suredelolw|
ri dffhswlqj d sursrvdo lv lghqwlfdo iru doo sod|huv dqg xqlirupo| glvwulexwhg/ wkdw lv/
s￿ @ w/ iru dq| sod|hu l dqg w ￿ X+3>4,1
Lq wkh olwhudwxuh/ wklv dvvxpswlrq lv uhihuuhg wr dv wkh krprjhqhlw| dvvxpswlrq1 Wkh
Edq}kdi lqgh{ fruuhvsrqgv wr wkh dvvxpswlrq wkdw wkh suredelolw| wkdw sod|hu l dffhswv d
sursrvdo lv xqlirupo| glvwulexwhg/ wkdw lv/
s￿ ￿ X+3>4,/ iru dq| sod|hu l1
4<Lq wkh olwhudwxuh wklv dvvxpswlrq lv uhihuuhg wr dv wkh lqghshqghqfh dvvxpswlrq1 Wkh rwkhu
srzhu lqglfhv kdyh qrw ehhq mxvwl￿hg lq wklv suredelolvwlf prgho1
Zlwklq wklv iudphzrun/ wkh Mrkqvwrq/ wkh Ghhjdq0Sdfnho dqg wkh Kroohu0Sdfnho lqglfhv
gr qrw vhhp wr eh frqvlvwhqw phdvxuhv/ dv wkhuh lv qr suredelolvwlf prgho wr mxvwli| wkhp1
Frqfhuqlqj wkh fkrlfh ehwzhhq wkh uhpdlqlqj lqglfhv/ %wkh Edq}kdi lqgh{ vkrxog eh xvhg
iru vlwxdwlrqv lq zklfk yrwhuv yrwh frpsohwho| lqghshqghqwo|/ wkh Vkdsoh|0Vkxeln lqgh{
iru vlwxdwlrqv lq zklfk d frpprq vhw ri ydoxhv whqgv wr lq￿xhqfh wkh fkrlfhv ri doo yrwhuv1%
+Vwud￿q +4<::/ s1 44:,,1
S ￿+￿￿￿￿WwWAv ￿6 ￿,W￿B ￿ ￿+N￿W￿w ￿w￿v,+
Lq wklv vhfwlrq/ srzhu lv lqwhusuhwhg dv wkh suredelolw| ri sod|lqj d fuxfldo uroh lq d ghflvlrq0
pdnlqj surfhvv/ dvvxplqj wkdw lq dq| ghflvlrq pdgh rqo| rqh sod|hu sod|v vxfk d uroh￿f1
D sod|hu*v srzhu lqgh{ lv wkhq jlyhq e| khu ru klv suredelolw| ri ehlqj %wkh fuxfldo sod|hu%1
Gl￿huhqw srzhu lqglfhv dulvh iurp gl￿huhqw dvvxpswlrqv rq krz wkh fuxfldo sod|hu lv fkrvhq1
Wkh Vkdsoh|0Vkxeln lqgh{ dulvhv iurp wkh iroorzlqj prgho= Dq rughulqj ri sod|huv lv
fkrvhq dw udqgrp +doo rughulqjv ehlqj htxlsuredeoh,1 Dffruglqj wr wklv rughulqj/ sod|huv
hqwhu rqh e| rqh xs wr irup d zlqqlqj frdolwlrq1 Wkh odvw sod|hu zkr kdv hqwhuhg wkh
zlqqlqj frdolwlrq lv wkh fuxfldo sod|hu1 Wkh prgho iru wkh qrupdol}hg Edq}kdi lqgh{ lv wkdw
d vzlqj lv fkrvhq dw udqgrp +doo vzlqjv ehlqj htxlsuredeoh,1 Wkh fruuhvsrqglqj vzlqjhu
lv wkh fuxfldo sod|hu1 Wkh prgho iru wkh Ghhjdq0Sdfnho lqgh{ lv wkh iroorzlqj= d plqlpdo
zlqqlqj frdolwlrq lv fkrvhq dw udqgrp +doo plqlpdo zlqqlqj frdolwlrqv ehlqj htxlsuredeoh,1
Lq wklv plqlpdo zlqqlqj frdolwlrq/ d sod|hu lv fkrvhq dw udqgrp wr eh wkh fuxfldo sod|hu
+doo sod|huv kdylqj wkh vdph suredelolw| ri ehlqj fkrvhq,1 Wkh prgho iru wkh Mrkqvwrq
lqgh{ lv wkdw d zlqqlqj frdolwlrq zlwk dw ohdvw rqh vzlqjhu lv fkrvhq dw udqgrp +doo vxfk
frdolwlrqv ehlqj htxlsuredeoh,1 Lq wklv frdolwlrq/ d vzlqjhu lv fkrvhq dw udqgrp wr eh wkh
fuxfldo sod|hu +doo vzlqjhuv kdylqj wkh vdph suredelolw| ri ehlqj fkrvhq,1 Wkh prgho iru
wkh Kroohu0Sdfnho lqgh{ lv wkdw d vzlqj vxfk wkdw wkh fruuhvsrqglqj frdolwlrq lv plqlpdo
zlqqlqj lv fkrvhq dw udqgrp +doo vxfk vzlqjv ehlqj htxlsuredeoh,1 Wkh fruuhvsrqglqj
vzlqjhu lv wkh fuxfldo sod|hu1
Qrwh wkdw wkhvh prghov duh vlplodu wr orwwhu| prghov zlwk rqo| rqh sul}h zlqqhu/ wkh
fuxfldo sod|hu1 Wkhuhiruh wkh lqwxlwlrq vxjjhvwv wkdw fkdqfh dovr sod|v d uroh lq wkhvh
prghov1 Lqghhg/ wr eh wkh fuxfldo sod|hu/ rqh kdv wr eh d vzlqjhu +rqh*v yrwh pxvw pdnh
d gl￿huhqfh, exw rqh kdv dovr wr eh oxfn| hqrxjk wr jhw wkh sul}h￿￿1 Wkhuhiruh/ lw fdq
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53eh dujxhg wkdw lq wklv prgho wkh lqglfhv jlyh d phdvxuh ri srzhu dqg oxfn1 Iurp wklv
khxulvwlf lqwhusuhwdwlrq ri srzhu +dqg oxfn,/ lw fdq eh vhhq wkdw rqo| lqglfhv vdwlvi|lqj wkh
Uhodwlyh Srzhu d{lrp fdq ￿w lq wkh iudphzrun= wkh Edq}kdi lqgh{ fdqqrw eh lqwhusuhwhg
lq wklv zd|1
Wkh gl￿huhqfhv ehwzhhq wkh uhodwlyh lqglfhv dulvh iurp wkh xqghuo|lqj orwwhu| prghov
wkdw ghwhuplqh wkh fuxfldo sod|hu1 Ghshqglqj rq wkh sduwlfxodu yrwlqj uxohv/ vrph orwwhu|
prghov duh pruh uhdolvwlf wkdq rwkhuv1 Iru lqvwdqfh/ ohw xv frqvlghu d ghflvlrq0pdnlqj
surfhvv lq zklfk yrwhuv yrwh lq wkh rughu ri wkhlu hdjhuqhvv wr vxssruw d eloo1 Li d sulrul
wkhuh lv qr uhdvrq wr dvvxph wkdw dq rughulqj ri yrwhuv lv pruh suredeoh wkdq dqrwkhu rqh/
wkh Vkdsoh|0Vkxeln lqgh{ jlyhv wkh yrwhuv* suredelolwlhv ri ehlqj wkh odvw yrwhu wkdw kdv
wr eh frqylqfhg wr pdnh wkh ghflvlrq1 Dqrwkhu h{dpsoh lv surylghg e| wkh irupdwlrq ri
jryhuqphqwv/ zkhuh wkhuh duh r￿fhv wr vkduh1 Ohw xv dvvxph wkdw wkh sduwlhv* ehkdylru
lv %r￿fh0vhhnlqj% +udwkhu wkdq %srolf|0vhhnlqj%,/ lq wkh vhqvh wkdw sduwlhv duh pruh lqwhu0
hvwhg lq jhwwlqj lqwr wkh jryhuqphqw wkdq lq wu|lqj wr hqirufh wkhlu suhihuuhg srolflhv￿21
Wkhq/ li sduwlhv pd{lpl}h wkhlu vsrlov zlwkrxw wdnlqj lqwr dffrxqw wkh srvvleoh lqvwdelolw|
ri vpdoo pdmrulwlhv/ rqo| plqlpdo zlqqlqj frdolwlrqv vkrxog irup1 Li d sulrul wkhuh lv qr
uhdvrq wr dvvxph wkdw d plqlpdo frdolwlrq kdv d odujhu suredelolw| wr irup wkdq dqrwkhu
rqh/ dqg li d sulrul wkhuh lv qr uhdvrq wr fkrrvh d sduwlfxodu sduw| wr ohdg wkh jryhuqphqw/
wkh Ghhjdq0Sdfnho lqgh{ jlyhv wkh sduwlhv* suredelolwlhv ri ehlqj fkrvhq wr ohdg wkh jry0
huqphqw1 Qr sodxvleoh vwru| fdq eh jlyhq iru wkh Mrkqvwrq lqgh{/ wkh qrupdol}hg Edq}kdi
lqgh{ dqg wkh Kroohu0Sdfnho lqgh{1
. ￿￿￿￿wN5W￿￿
Lw kdv riwhq ehhq kljkoljkwhg lq wkh olwhudwxuh wkdw yrwlqj zhljkwv gr qrw surshuo| uhsuh0
vhqw wkh yrwhuv* lq￿xhqfh lq d ghflvlrq0pdnlqj surfhvv1 Pruhryhu fkrrvlqj duelwudulo| wkh
ghflvlrq0pdnlqj uxoh pd| kdyh xqrevhuyhg dqg xqghvludeoh frqvhtxhqfhv1 Iru lqvwdqfh/
Eudpv dqg D￿xvr +4<:9, vkrz wkdw lq wkh ruljlqdo Hxurshdq Frxqflo ri Plqlvwhuv +4<8;0
4<:6,/ wkh yrwlqj zhljkwv dqg wkh ghflvlrq0pdnlqj uxoh zhuh vxfk wkdw Ox{hperxuj zdv
d qxoo sod|hu= lq rwkhu zrugv/ wkh ghflvlrq0pdnlqj zdv ghvljqhg lq vxfk d zd| wkdw Ox{0
hperxuj*v yrwh frxog qhyhu pdnh dq| gl￿huhqfh lq dq| ghflvlrq1 Srzhu lqglfhv duh pruh
vxlwdeoh wr fdwfk wkh d sulrul uhodwlrqv ri srzhu lq d yrwlqj erg| wkdq wkh yrwlqj zhljkwv1
Ri frxuvh/ srzhu lqglfhv rqo| jlyh dq d sulrul dvvhvvphqw ri wkh glvwulexwlrq ri srzhu/
wkdw grhv qrw wdnh lqwr dffrxqw wkh yrwhuv* suhihuhqfhv ru wkh lqwhushuvrqdo uhodwlrqv eh0
wzhhq wkh yrwhuv1 Dv douhdg| srlqwhg rxw lq Vkdsoh| dqg Vkxeln +4<87/ s1 :<4,/ %lw zrxog
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54eh irrolvk wr h{shfw wr eh deoh wr fdwfk doo wkh vxewoh vkdghv dqg qxdqfhv ri fxvwrp dqg
surfhgxuh wkdw duh wr eh irxqg lq prvw uhdo ghflvlrq0pdnlqj erglhv1 Qhyhuwkhohvv/ wkh
srzhu lqgh{ frpsxwdwlrqv pd| eh xvhixo lq wkh vhwwlqj xs ri qrupv ru vwdqgdugv +111,1%
Iru lqvwdqfh/ wkh| fdq eh xvhixo wr fkrrvh krz wr glvwulexwh yrwlqj zhljkwv lq d jlyhq
yrwlqj erg| lq rughu wr vdwlvi| vrph jrdov rq wkh d sulrul srzhu glvwulexwlrq1
Wkh sureohp lv wkhq wkdw wkh h{lvwhqfh ri vhyhudo srzhu lqglfhv lv frqixvlqj dv wkh
uhvxowv wkdw wkh| jlyh pd| gl￿hu zlgho|1 Lq wklv sdshu zh kdyh suhvhqwhg dqg frpsduhg
wkh pdlq h{lvwlqj srzhu lqglfhv lq rughu wr jlyh vrph jurxqg wr fkrrvh dprqj wkhp1 Wkh
dqdo|vlv fduulhg rxw lq wkh sdshu doorzv xv wr frqfoxgh dv iroorzv1 Wkh d{lrpdwlf dssurdfk/
hyhq li lw jlyhv vrph edvlf foxhv derxw wkh gl￿huhqw sklorvrsklhv hperglhg lq wkh gl￿huhqw
lqglfhv/ grhv qrw surylgh d vx￿flhqw edvlv iru d fkrlfh luuhvshfwlyh ri wkh ghflvlrq0pdnlqj
surfhvv xqghu frqvlghudwlrq1 Wkh dssurdfk edvhg rq srvwxodwhv doorzv wr glvtxdoli| vrph
srzhu lqglfhv/ dowkrxjk lw pxvw eh uhfdoohg wkdw wkh ghvludelolw| ri vrph surshuwlhv pd|
ghshqg rq wkh frqwh{w dqg rq wkh sxusrvh ri wkh dqdo|vlv1 Wkh suredelolvwlf dssurdfk lv ri
juhdw lqwhuhvw= dv idu dv wkh ghflvlrq0pdnlqj surfhvv wr vwxg| suhvhqwv vrph fkdudfwhulvwlfv
wkdw phhw wkh dvvxpswlrqv ri vrph prgho/ wkhq fkrlfh ri d srzhu lqgh{ dsshduv fohduo|
dqg wkh fkrvhq lqgh{ fdq eh suhflvho| lqwhusuhwhg1
Ohw xv vxppdul}h khuh wkh sudfwlfdo suredelolvwlf lqwhusuhwdwlrq ri wkh gl￿huhqw lqglfhv1
Wkh Vkdsoh|0Vkxeln lqgh{ jlyhv wkh sod|huv* suredelolwlhv ri ehlqj vzlqjhu li rqh ri wkh
iroorzlqj wkuhh dvvxpswlrqv fdq eh phw= +4, sod|huv yrwh dffruglqj wr %frpprq vwdqgdug%/
+5, sod|huv duh vxssrvhg wr yrwh lq rughu +dvvxplqj wkdw doo rughulqjv duh htxlsuredeoh,/ +6,
doo vl}hv ri frdolwlrqv dqg doo frdolwlrqv ri d jlyhq vl}h duh htxlsuredeoh1 Wkh Vkdsoh|0Vkxeln
lqgh{ dovr jlyhv wkh sod|huv* suredelolwlhv ri pdnlqj d sursrvdo sdvv li lw fdq eh dvvxphg
wkdw sod|huv yrwh dffruglqj wr wkhlu hdjhuqhvv wr vxssruw d sursrvdo +frqvlghulqj wkdw doo
rughulqjv ri sod|huv duh htxlsuredeoh,1 Wkh Edq}kdi lqgh{ jlyhv wkh sod|huv* suredelolwlhv
ri ehlqj qhfhvvdu| wr pdnh ghflvlrqv +4, li lw fdq eh dvvxphg wkdw doo frdolwlrqv wr zklfk
d sod|huv ehorqjv d sulrul htxlsuredeoh ru +5, li lw fdq eh dvvxphg wkdw doo yrwhuv yrwh
lqghshqghqwo| ri hdfk rwkhuv1 Wkhuh lv qr sudfwlfdo suredelolvwlf lqwhusuhwdwlrq ri wkh
qrupdol}hg yhuvlrq ri wkh Edq}kdi lqgh{1 Wkh Mrkqvwrq lqgh{ fdqqrw eh lqwhusuhwhg lq
vxfk d zd| hlwkhu1 Wkh Ghhjdq0Sdfnho lqgh{ phdvxuhv wkh sduwlhv* suredelolwlhv ri ohdglqj
dq r￿fh0vhhnlqj jryhuqphqw/ li wkh wkuhh iroorzlqj dvvxpswlrqv duh vlpxowdqhrxvo| phw=
+4, rqo| plqlpdo zlqqlqj frdolwlrqv irup/ +5, qr plqlpdo frdolwlrq kdv d odujhu suredelolw|
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jryhuqphqw1 Wkh lv qr frpshoolqj suredelolvwlf lqwhusuhwdwlrq ri wkh Kroohu0Sdfnho lqgh{
dowkrxjk lwv qrq qrupdol}hg yhuvlrq jlyhv wkh yrwhuv* suredelolwlhv ri ehlqj vzlqjhu li rqh
fdq vlpxowdqhrxvo| dvvxph wkdw rqo| plqlpdo zlqqlqj frdolwlrqv irup/ dqg wkdw rqh ri
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pd| dovr frqmhfwxuh wkdw d uhirupxodwlrq ri wkh Phujhdelolw| d{lrpv lq wklv zlghu fodvv ri
jdphv lv ri lqwhuhvw1
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